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We present an action functional and derive equations of motion for a coupled 
system of a bosonic Dp-brane and an open string ending on the Dp-brane^nWith 
this example we address the key issues of the recently proposed method for 
the construction of manifestly supersymmetric action functionals for interacting 
superbrane systems. We clasijSy, in particular, how the arbitrariness in sources 
localized on the intersection lH3 is related to the standard description of the flat 
D-branes as rigid planes where the string for endpoints 'live'. 



Introduction 

Recently an approach to obtain a supersymmetric action functional for a cou- 
pled system of interacting superbranes has been proposed EI'd. The aim of the 
studyEl'D was to construct a basis for a future search for new solitonic solutions 
of worldvolume equations of superbranes and of supergravity equations with a 
complicated system of brane sources. 

The system of opeii fundamental superstring ending on a super-Dp-brane 
a was considered in EJI3 as a generic case of interacting brane system in the 
frame of the 'brane democracy' concept □. On the other hand, the manifestly 
supersymmetric description of such system can be useful in a search for a 
quasiclassical effective action of the system of coincident branes which are con- 
jectured to carry non-Abelian gauge fields H (non-Abelian Dirac-Born-Infeld 
action □). 



1 



In this contribution wc would like to discuss the key issues of our ap- 
proach Era by studying a pure bosonic limit of the interacting brane system. 
We elaborate the case of open bosonic string with endpoints living.^Qp the dy- 
namical bosonic Dp-brane and discuss the relation of the approachlda with the 
standard description where the Dp-branes are treated as rigid p-dimensional 
hyperplanes. 

1 Standard description of open string 

To clarify the problem and to establish the notations let us begin with the 
standard consideration of the open bosorur; string in flat D-dimensional space- 
time . The action can be written asLl 



Sstr = \ I d'CV^g^^^iOdmX^iOdnX^OVnin. (1) 



Here {(C™)} = {{'''i'^)} ('^ — 0,1) are local coordinates on the string world- 
sheet M^, (C) { EL — O7 ■ ■ ■ 1 {D ~ 1)) are coordinate (embedding) func- 
tions which define (locally) an embedding of the worldsheet into the D- 
dimensional space-time (target) 



= X'-^iO : ^ M (2) 

The flat metric of is chosen to be 'mostly minus' rjmn = diag(+, — ). 

When the worldsheet has a boundary dAi^, the variation of the action (p 
acquires the form (d^'" A = £""'d^C, (dO""^ = l/2e„„,df" A d^" = -d^^) 

-[ d^^SXrnd,n(V^g""'dnX^)~[ d^ SranV^g'^'' dkX^SXrn- {i) 

The variation with respect to the auxiliary intrinsic metric gmn{^) results 
in the equation 

drnX^iOdnXniO = (Os''^ (05p^^(0a,^„ (0 ■ (4) 

One easily finds that the trace part of Eq. (^) is satisfied identically. This is 
the Noether identity reflecting the gauge Weyl symmetry of the action (^ 

amnio ^9'mni0=e^9nU0, X^iO ^ X^{0 ■ (5) 
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With this symmetry one can fix the gauge 

5""XC)a™l2i(^)a„X„(e) = 2. (6) 

Then Eq. (|) becomes 

ff™„(C)=5™X2i(e)5™l„(e), (7) 

and imphes that the metric is induced by the embedding. 

The usual way to deal with the coordinate variation of the action 
(presented in the second hne of Eq. (j^)) is to assume that the bulk and the 
boundary inputs should vanish separately. Then one arrives at the weU known 
result that 

• proper equations of motion have the form 

dm {V^g""\09nX^{0) = 0; (8) 

• the boundary conditions should be chosen in a way which provides 

where the functions ^™(t) define parametrically the 'embedding' of (a 
connected piece of) the world sheet boundary dA4^ into the worldsheet 

f"=|™(r): dM^ -^M}. (10) 

To satisfy Eq. (|^) in a simple way one can assume that for some part 
X*(^) of the embedding functions 

X^^{X\X\ a = 0,...p, z = (p+l),...,(i^-l) (11) 

the Neumann boundary conditions are imposed 

dr£™ny=55"''afcX'^l5™=|™(r) = 0, ^ aiX'^|a^2=0, (12) 

while the remaining equations from the set (|9|) are satisfied due to the Dirichlet 
boundary conditions. The latter can be treated as ones imposed on the varia- 
tion (5X*(^™(t)) = or, equivalently, as the boundary conditions imposed on 
the coordinate functions -^'(0 directly 

X\rir))=X\= const) ^ 6X\t{r))=0 (13) 
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Note that for the Dirichlet boundary problem the equations appear 
formaUy only on the proper open subset of the worldsheet, i.e. only outside 
the boundary, because the variation on the boundary vanishes just due to Eq. 
(p^. In the Neumann problem we can regard Eq. (||) as vahd on the whole 
worldsheet. But in this case we shall assume that the boundary conditions (12) 
are imposed after the variation of the action has been performed (as we did 
not restrict the variations by the condition (|l2|) when derived the equations of 
motion) . 

The boundary conditions (|l^), ( p^ ) certainly break Lorentz invariance for 
p ^ {D — 1). Such a breaking reflects the existence of some d = {p + 1)- 
dimcnsional defects where the string endpoints move. These are worldvolumes 
of Dp-branesB considered as flat hyperplanes. 

2 Extended variational problem 

However, we can proceed in a different manner which we will call extended 
variational problem or extended variational approach. 

Let us introduce the current density distribution with support on the 
boundary of the worldsheet (df " A dC = d^^e™") 



ji = drsmn / dc{T)s' U - e(r)) = e^ndrr, (w) 

Then one easily find that 



ii AAi= Ai (15) 

holds for any one-form Ai — d£^™Am{£,) defined on the worldsheet, Ai = 

de"(T)A„(l(T)). 

With the use of ji the coordinate variation of the string action can be 
written in the form 



(16) 

The equations of motion are (^ and 



d'^d,n [V^g""'{OdnX'-^{0) = Jl A dre,nnV^g'''da^ (17) 

5™ (V=55""9„XHi) = - / drernnV^g'"'dkX'-^6' U - l(r)) . 
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Thus no boundary conditions appear, but the equations of motion acquire 
a source locahzed at the boundary of the worldsheet. The resuh ( p^ ) of such 
an 'extended variational problem' looks different from the standard one (H), 

(H), (!)■ 

To clarify the situation let us, for the moment, fix the conformal gauge and 
accept the parametrization where the string endpoints correspond to the values 
a = and a = n. Then the standard approach produces the free (Laplace) 
equations with boundary conditions 

(a^ ~ dl)X^iT, a) = 0, O.X^Im^ = 0, (18) 

(92-a2)l^(T,fT) = 0, X\t,0)=X^o, X\T,n)=Xl, (19) 

while the extended variational problem results in the equations with sources 
for both types of the coordinate functions 

(9^ - 92)x-(r, a) = d^X^ {6{<j) - S{a - n)) (20) 
{dl - dl)X\r, a) = d,X^ {5{ct) - S{a - t:)) (21) 



It is evident that the problem ( |18| ) can be obtained as a particular case of (20) 
because, after imposing an additional condition da-X°'\j^2 — 0, the r.h.s. of 
Eq. (|2^) vanishes. As in such a way we arrive at the free equations on the 
whole worldsheet, this corresponds just to the result of Neumann variation 
problem with the supposition that the boundary conditions are imposed after 
the variation has been performed (i.e. imposed 'by hand'). 

This does not hold for (^9|), because ^'1^12 — const does not imply 
daX^\j^2 = 0. Thus the value of Laplace operator acting on the coordinate 
function is not indefinite on the boundary, as it is in the classical Dirichlet 
problem, but is determined by the value of the derivative da-X'^\j^2. 

The fact that the straightforward application of the extended variational 
approach does not produce the Dirichlet boundary problem even as a particular 
case does not look not so surprising if one remembers that it assumes that the 
variations of the coordinate functions are unrestricted everywhere, while the 
Dirichlet boundary conditions (O) come just as restrictions on the variations. 



3 Lagrange multiplier approach for Dirichlet problem. 

If one would like to reproduce the Dirichlet problem ( p^ from the extended 
variational approach, one can try to incorporate the boundary conditions (13) 
with Lagrange multiplier one-form = dTT"'{T) into the action written in the 
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conformal gauge g™„ = dmX^nXrn = rjmn = diag{+l, -1) (cf. El) 

Sstr = (drnX'^d^'Xa - d^X'd"'X') + f cLtV, ix' (^(t)) - X") 

... ^22) 

Then the Dirichlct boundary conditions are produced by the variation with re- 
spect to Lagrange multipher V^(t) or, more precisely, two Lagrange multiphers 
V^ij^ and 'P'^(t') (each hving on the worldhne of the corresponding endpoint 
of the string), while the dynamical equations for the coordinate functions X"^ 
read 

{dl - dl)X\T, a) = (d.X^ - n") S{a) - (9.1* - V^) S{a - tt). (23) 

What one can see from the very beginning is the arbitrariness in the La- 
grangian multipliers V'^'^^t) which cannot be fixed by any gauge symmetry 
of the action. So one can conclude that the Lagrange multipliers carry some 
degrees of freedom and some doubts may arise concerning the applicability of 
the Lagrangian multiplier method to the problem. 
However if one notes that 

i) Eq. ( p^ ) becomes free when considered outside the boundary (i.e. on the 
open proper subset of the string worldsheet), 

ii) the boundary conditions (^) are produced as equations of motion for La- 
grange multipliers, 

iii) the action of the Laplace operator on the coordinate functions X^ is indef- 
inite on the boundary just due to the arbitrariness of the Lagrange multiplier, 
one easily concludes that the Dirichlet boundary problem is indeed reproduced. 

When one can find a solution for it (as it can be done in the case of string), 
then, substituting it into the equations, one can fix the value of the Lagrange 
multiplier V^{t). 

This way to reproduce the Dirichlet boundary problem could be regarded 
as an artificial one. However it just provides the possibility to describe the 
system of open (super)string and dynamical (super-)Dp-brane and, more gen- 
erally, of open (super~)brane(s) ending on closed 'host' (super-)brane(s) on 
the level of (quasi)classical action functionaltl. 

4 Dynamical string with the ends on dynamical D-brane 

The action for free Dp-branei'i has the form 

Sdp= f dP+\^\, |G| = (-)Prfet(G™0, (24) 
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where 

Gfnn = dmX—{()dnXrn{C) ~ ^mn (25) 

is the non-symmetric 'open string induced metric' i, the coordinate functions 
X— (('™) define (locally) an embedding of the d — {p + l)-dimensional world- 
volume MP+^ = {(C™)} (m = 0,...,p) of the Dp-brane into the D(=10)- 
dimensional space-time 

XHL^X^^Q. ^ j^D^ ^26) 

T = dA^ idC™ dC"-^n™ (27) 
is the field strength of the worldvolume gauge field of the Dp-brane A = 

With this notation the variation of the free Dp-brane action ( p^ ) can be 
written in the form 



6Sdp = + / <F+^Cdfn (/^G-i['""l) M,,(C) (28) 



where 

^—1 ran l(mn) _j_ l[mn] 

is the matrix inverse to the open string metrics (p5|). 

To describe the interacting system of the open string and the dynamical 
D-brane on the level of action functional one has to provide the counterpart 
of ( p^ ) with coordinate functions of D-brane instead of constants X\ Namely 
we have to impose an identification 

X'-^[ar))^X^{C{T)), (29) 

where C™ = C™(''') defines an embedding of the worldline(s) of string endpoints 
(i.e. the boundary of the worldsheet) into the worldvolume of the Dp-brane 

The problem is that, when (^) is taken into account the variations SX— 
and SX—\^^^^^s^ cannot be treated as independent on the intersection A4^~^p U 

= dM^. Indeed, varying (p9|) one finds 



SX'- 



-k=ar) + Sr{T)d„,X^ (e(r)) = SX^\^^^^^^ + 6r{T)drHX^ (C(r)) 



(31) 
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A method to implement ( p9[ ) into the action principle was proposed inS. It 
consists in imposing the identification ( |29| ) with Lagrange multipliers one-form 

= dTV—ij) into the action (cf. with (^)). Thus the action for a coupled 
system of open string and dynamical Dp-brane can be written as 



S — Ss 



s 



Dp 



(32) 



Here Sstr is determined by (|^) but with open worldsheet whose boundary is a 
set of two (or more!) worldlines which are embedded into the world volume of 
the Dp-brane (^0|). Sdp is determined by Eq. (|^. The last term in (IsT 



Sint — 



A + P^ 



l7n 



(33) 



describes, in particular, the interaction of the string endpoints with the world- 
volume gauge field of the Dp-brane A = d("^Am{0 whose pull-back on the 
intersection is i = dC'^{T)A^{CiT)) = drdrC"^ Ar,,{C). 
The variation of the interaction term is 



SPlr 



(34) 



Pi. 



5C™(r 



dM 

^m*^ PlmdmX 



dC{r)5Af, (c(t)) 



Sr (r) Pi^d^mX^ - deepn V^<?""9fcX2ia™X 



The third and forth lines include the variation with respect to coordinate 
functions ("^{t) and ^™{t) defining the embedding of the string boundary 
worldlines in the Dp-brane worldvolume (pO) and in the worldsheet (uOh. 



To vary the whole action iLis convenient to introduce the following current 
density distribution form (seetJ and refs. therein)^ 

JP = dC I dr(.r)SP+' (C - C(r)) = i-YdCf- (35) 

In our conventions d^^i A. . . AdC^'+i = e™i-"™p+i (dC)^'*'+^^ = (-jPe^i-'-^p+irfP+iC, 
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As jp A dC^ = dP+^C j", it is easy to see that 



is A^i = / Ai. (36) 



With the use of ( p5[ ) and the worldsheet current density distribution (14) 
one can write the variation of the action (^) in the form 



6S 



1 

2 
(5X 



A<2 



(37) 



'99 



X^iiir)) X2i(C(r)) 
|G|G-i['"" 



Then the equations of motion become evident. They are 
• The Born-Infeld equation (with Gmn defined by (p5|)) 



(38) 



It includes the definite source localized on the intersection (and thus 
outside the intersection the equation is free). 

• Equations for the Dp-brane coordinate functions (with Gmn defined by 

Eq. 



dTV'-^{T)SP+Uc - C{r)) (39) 



^ To arrive at the expression for the r.h.s. one should perform some formal extension of 
the property (p6|), as the form Pi = dT'P{T) has not been defined as a pull-back of any 
1-form on . Let us assume that such a form P\rn = d(^"^'Pm is introduced. Then, 

by definition, Pim(C(T)) = dTdr('^Vrn_{C{T)) = drVrnir) and one finds J^^+i jp A Am = 
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• The equation for the string coordinate functions (with gmn ) defined by 
or, equivalently, by and the Weyl symmetry (||)) 



(40) 



5 Reparametrization symmetry of the coupled system 



The variations of the action ( |32| ) with respect to the worldvolume and world- 
sheet embedding coordinate functions 6({t) (|30| ) and C^{t) ( |l0|) is 



SCir) 



(41) 



The corresponding equations of motion 

de{T)epnV^9'"'dkX'-^d^X^ = Pi™a„,X2i 



(42) 
(43) 



are dependent. 

To prove the dependence of Eq. (|3|) one should contract Eq. (|4^) with 
diXm{^) on the target space indices. Then, writing the left hand part as 



5™ (%/^5""(05„^^(0) diX^iO 



(44) 



-a„(v^g""(e)9„ 12^(0) 5, 1=^(0) - (x/^.g""(e)5„l^(0)5/9™X^(0 

and using Eq. (^) (which remains the same for the coupled system) , one obtains 
(in arbitrary space-time dimension D) 



d'^^Tg^^di ( ^g"-^{^)d„,x^{OdnX^iO ) = 



(45) 



However, using the Weyl symmetry one can fix the gauge (^), where the l.h.s. 
of Eq. (Eg) vanishes, and we arrive at (E3). 
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To prove the dependence of Eq. (E^) one should consider the longitudinal 



part of Eq. (39), i.e the result of the contraction of Eq. (|39|) with dmX— on 
the target space indices 

d,n [VW\G'^^^"^dnX^) djX,n = -p^lXrn- (46) 

Here we, for shortness, introduced the notation /g^2 dTV—{T)6''^^ ~ C(''')^ 
— —p^. Dealing with the l.h.s. of Eq. ( ^ ) in the same way as in (Q) and using 
the identities 

(which follow from G^^"'''^Gj^f^ = (5™ ) one arrives at 

9™ (v4^G-i("")9ftl2i) diX,n = -dm (/^G-i["^-l) F^^. (47) 
Substituting Eqs. (^) and (|38|) we obtain from Eq. (^) 

/ (-i,nF2 + PlrndrnX^iar))) SP+UC - C{r)) =0. (48) 
JdM^ ^ / V / 

Eq. (H) is equivalent to (||). 

The dependence of the equations (^, ( ^ ) should be regarded as Noether 
identities which reflect some gauge symmetries of the action. 

Reversing the arguments, we can consider (^), (^Sh as independent equa- 
tions, but conclude that the longitudinal parts of Eqs. (|39|), ( |40| ) are dependent 
as they are in the case of the free string and Dp-brane. From such point of 



view we can state that the dependence of Eq. (43) and Eq. ( |42| ) reflects 
the reparametrization symmetries of the string worldsheet and the Dp-brane 
worldvolume which, hence, survive when coupling is 'switched on'. 

6 Concluding remarks 

Thus, applying the method of Ref. we obtained the equations of motion (38) 



J), (|29| ) for the coupled system of an open bosonic string and a dynamical 
bosonic Dp-brane where the string endpoints live. In such a way we illustrated 
the key issues of the approachEl'El and we are able to comment on its relation 
to the standard description of Dp-branes as rigid planesu. 

The investigation of Eqs. ( ^8|) -(^0|), (|2^ ) and their supersymmetric gener- 
alizations will be the subject of the forthcoming paper. Note that such a study 
simplifiea essentially when the Lorentz-karmonic formulations of the (super- 
)stringll3 and (super-)Dp-brane actionsllil are used instead of (M, (E4h. 
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